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Abstract. The paper deals with theoretical study of hysteretic magnetostriction of soft 
ferrogels – composite materials, consisting of the micron-sized magnetizable particles 
embedded into gel matrices. It is supposed that initially, before application of an external 
magnetic field, the particles are homogeneously and isotropically distributed in an elastic 
matrix. The theoretical explanation of the hysteresis phenomena is based on the conception 
that, under the field action, the particles rearrange into the linear chain-like aggregates. 
The typical length of the chains is determined by the competition between the force of 
magnetic attraction of the particles and the force of elastic deformation of the matrix. 
 
Magnetic gels; magnetostriction; hysteresis 
 
1. Introduction 
The possibility to control physical properties and behavior of polymer and other soft matters by using 
magnetic fields is very attractive for many industrial and bio-medical applications. However, to the best of 
our knowledge, all natural soft matters are diamagnetic. Therefore, control of their properties requires very 
strong magnetic fields and bulky apparatuses. The effective solution of this problem gives the composites of 
fine (nano- and micron-sized) magnetic particles in polymer matrix. Coupling of high elasticity with high 
reaction on magnetic field gives new kind of smart composite materials, which find active applications in 
many industrial, medical and biological technologies. That is why they attract considerable interest of 
researches and engineers [1-13]. 
Experiments demonstrate hystereses of mechanic and magnetic phenomena in ferrogels with the 
micron-sized magnetizable particles (see, for example, [14-18]). The hysteretic effects present significant 
interest both from scientific point of view and viewpoint of practical applications of these composites. 
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Analysis shows that rearrangement of the particles under the action of external magnetic field and 
their unification in heterogeneous structures can be one of internal causes of these hysteresis’s. Note that 
appearance, under the field action, of the linear chain-like aggregates in soft polymerized gels has been 
directly observed in [15]. Another physical reason of the hysteretic phenomena can lie in disruption between 
particles and the polymer matrix [16]. However, in this case the hysteresis loops must be rather 
irreproducible – each new cycle of the field increase and decrease must correspond to new curves of the 
sample magnetization either deformation. At the same time, the results [14,16] were quite repeatable for all 
circles of the applied field. 
The hysteretic dependence of the gel magnetization on the external field has been explained in [19] 
on the basis of the concept of the particles unification into the linear chains while increase of the applied 
field and the chains rupture when the field is decreased. The aim of the present work is theoretical study of 
effect of the particles rearrangement on the hysteretic magnetostriction of the soft composites under the 
action of a uniform magnetic field. It should be noted, that experimentally detected magnetostriction in these 
composites, as a rule, is not large (relative elongation is about several per cent or a little more). That is why 
we restrict ourselves by analysis of only small deformations and suppose the linear relation between the 
sample deformation and corresponding elastic stress. 
 
2. Theoretical model and main approximations. 
We consider a ferrogel with micron-sized magnetizable particles and suppose that initially they are 
randomly (gas-like) distributed in a soft elastic matrix. Being magnetized by an external field, the particles 
unite into linear chains. We suppose also that the particles are strongly linked with the matrix, therefore, 
their motion through the matrix is impossible. That is why their unification into the chains is accompanied 
by the internal elastic deformation of the carrier polymer. As a consequence, the size of the chains is 
determined by the strength of the applied field, by the elastic properties of the matrix and specific of the 
initial spatial disposition of the particles. 
Since the initial mutual disposition of the particles in the composite is random, the chains, under the 
given external conditions, must have various sizes with some function gn of distribution over the number n 
of the particles in the chains. Strict determination of the function gn presents very complicated problem; its 
exact solution is unknown. To overcome the mathematical problem and to get the final results in a physically 
transparent form, we will use the hierarchical model suggested in [19], where the particles are distributed in 
a cubic cell (see Fig. 1) with the edge length: 








Figure 1. Illustration of the idea of the lattice model. 
Here d is the particle diameter, φ is the particles volume concentration in the composite. The chosen 
edge length l provides equality of the particles volume concentration in the model cubic cell to the real 
concentration φ. Magnetic field is supposed directed along one of the cell axes. Following to the hierarchical 
model [19], we will consider the process of the chain formation as the unification of the single particles into 
the doublets; then – unification of the doublets into the “quartets” of the particles, etc. Detailed description 
of the model can be found in [19]. We omit it here for brevity. 
When the field is decreased, the chains disintegrate with the opposite way. This is of principally 
important that the disintegration of a chain takes place at lower field strength, than its formation [17]. This 
means that both, the distribution function gn and the mean number ⟨𝑛⟩ of the particles in the chain 
hystereticaly depend on the applied magnetic field. In part, it leads to the hysteretic dependence of the 
composite magnetization as well as its susceptibility on the external field [19]. 
In spite of the strong simplifications, the model [19] reproduces the main physical features of 
experimental curves of the ferrogels magnetization, at least, in the frame of the correct order of magnitudes. 
That is why we will apply this approach to study the hysteretic magnetostriction of ferrogels. 
 
II Free energy of the soft ferrogels. 
We will consider a cylindrical sample of the composite and suppose that a uniform magnetic field H0 
is applied along the cylinder axis. This situation is illustrated in Fig.2. Let us denote the length of the axis 
and diameter of the cylinder as a and b respectively. These magnitudes of the non deformed sample will be 
denoted as a0 and b0. The notation r = a/b will be used for the sample aspect ratio. We will suppose that after 
magnetostriction the sample also has the cylindrical shape with another value of the aspect ratio r. 
Figure 2. Sketch of cylindrical sample. Left and right – before and after the magnetostriction respectively. 
5 
 
For maximal simplification of the mathematical part of the problem, we will suppose that the soft 
polymer matrix is incompressible. It should be noted that this condition is fulfilled not for all gels [20]. 
Analysis of effect of the matrix compressibility can be considered as a generalization and continuation of 
this work. 
Let ε be a small relative elongation of the sample in the direction of the axis a. One can show easily 
that the following relations: 
𝑎 = 𝑎0(1 + ), 𝑏 =
𝑏0
√1 +
≈ 𝑏0 (1 − 2
). (1) 
are held for the incompressible sample. The positive sign of ε corresponds to the sample elongation in the 
field direction; the negative one – to its contraction. The relative uniaxial deformation ε of the sample can be 
estimated from the condition of minimum of free energy of the sample in the external magnetic field [21]. 
Estimation of the ferrogels free energy is the main goal of this part of the work. 
Inhomogeneity of the magnetic field H and magnetization M inside the cylindrical sample makes the 
mathematical analysis of the problem very cumbersome and complicated. To overcome this problem, we 
will use the approximation [22] of the spatially uniform H and M equal to their average magnitude over 
volume of the cylinder. Of course, this is very strong simplification, however it allows us to use the results 
of numerical calculations [22] for the sample demagnetizing factor N(r). It should be noted that for an 
ellipsoidal sample the demagnetizing shape-factor is determined only by the ellipsoid shape. For a cylinder 
the demagnetizing factor depends also on the sample magnetic susceptibility. The numerical results for N(r) 
are tabulated in [22] for various magnitudes of χ. These results very weakly depend on χ and their difference 
from N(r), obtained for χ = 0, is practically negligible. That is why below, for simplicity, we will use the 
magnitudes of N(r) calculated in [22] for χ = 0. 
The density of the sample free energy F can be presented as a sum of the densities of the magnetic 
Fm and elastic Fel free energies [21,23]: 
𝐹 = 𝐹𝑚 + 𝐹𝑒𝑙. (2) 
The density of the magnetic free energy can be calculated as [21]: 




Here 𝑀(ℎ0) is magnetization of the sample placed in an external field h0. 
Our first aim is to determine the sample magnetization M as a function of the applied field. We will 
take into account that the particles in the chains are magnetized both by the magnetic field H0 and due to 
effect of their mutual magnetization. Obviously, magnetic interaction between the closely situated particles 
in a chain is significantly stronger than this interaction between the particles which belong to the different 
chains. Thus, in the first approximation, one can determine magnetization of the sample M taking into 
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account magnetic interaction of the particles in one n-particle chain, neglecting interaction between particles 
in the different chains. 









where Mn is magnetization of a particle in the n-particle chain, 𝜑 is volume concentration of the particles in 
the composite, 𝑔𝑛  is number of the n-particle chains per unit volume of the composite. 














Here Ms is saturated magnetization of the particle material. 
The particle magnetization Mn was estimated in [19] by using the Frolich-Kennelly relation [24] 
between Mn and magnetic field inside the particle in the approximation of the perfectly straight chains. The 
result reads: 
?̃?𝑛 =
𝐺𝑛 −√𝐺𝑛2 − 4𝜒𝑝2?̃?𝑓𝑛
2𝜒𝑝𝑓𝑛














Here χp is initial magnetic susceptibility of the particle material. 
Strictly speaking, magnetization of a particle in a chain depends on its position in the chain. The 
particle magnetization has been estimated in [19] in dependence on its position in the chain. The relation 
(5) presents the mean value of the particle magnetization, averaged over all particles in the n-particle 
chains. In [19] the force of magnetic interaction between the chains has been calculated in the 
approximations when the particle magnetization depends on its position in the chain as well as under 
assumption that magnetization of each particle equals to the mean magnetization (5). Results of both 
approximations are quite close. However, calculations in the approximation (5) of the mean magnetization 
are much less cumbersome. That is why here we use this approximation, i.e. eq. (5). 
The distribution function gn also has been determined in [19] for the both cases, when applied 
magnetic field 𝐻0  was increased and decreased. The relations [19] for gn are cumbersome and we omit them 
here. 













Here E is the Young’s modulus of the pure matrix, β is the parameter which defines the ratio of the 
energy of magnetic interaction between two magnetically saturated particles to the energy of elastic 
deformation of the matrix. 
The following relation [21] takes place for a uniformly magnetizable sample in an external magnetic 
field H0: 
?̃?0 = ?̃? + 𝑁?̃?, 
therefore: 
𝑑?̃?0 = 𝑑?̃? + 𝑁𝑑?̃?. (7) 
Here H is magnetic field inside the sample, N is its demagnetizing factor. 
Substituting (7) into the integral (6), we get: 















Let us expand the density of the magnetic free energy in the power series with respect to the small 
relative elongation ε of the sample. In the framework of the linear approximation: 






Here ?̃?𝑚(0) is the density of the free energy of the non deformed sample. 
Now we will determine the coefficient ?̃?. Combining the second relation in (9) with eq. (8), after 
transformations one can obtain: 







Here and below the prime means the differentiation over ε. 










is held. The derivative ?̃?′ of the magnetization is presented below in eq. (26). 
The derivative dN/dr can be estimated by using numerical results for the cylinder shape-factor N, 
tabulated in [22]. 
Analysis shows that magnetic interaction between the chains must be taken into account for the 
adequate description of the hysteretic effects. We will consider interaction between the chains by using the 
regular pair approximation. This means, that interaction only between two chains will be taken into account; 
any effect of the third one will be neglected. The similar problem has been considered in [25] under 
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assumption that all chains are identical. Here we will take into account that the chains can have different 
lengths. 
Let Wnm(r) be the energy of the magnetic interaction between two chains, shown in Fig. 3; q(r) is 
the pair function of the spatial distribution of the chains, normalized so that q → 1 when r → ∞; the radius-
vector r links centers of the left particles of these chains. 
 
Figure 3. Sketch of the chains in the composition (cylindrical coordinates). 
 
It should be noted that the real chains in magnetic gels are not perfectly straight. The shape of the 
chains is determined by details of initial disposition of the particles in the liquid polymer; by the magnitude 
of the field of polymerization and the rate of this process; by the interchain interaction and, possibly, by 
other factors. Here, like in ref. [19], we use the simplest approximation of the straight chains. 















We present the pair distribution function q in the form: 
𝑞 = 𝑞0 + 𝛿𝑞. 
Here q0 is the function q in the non deformed sample, δq is the change of this function due to the 
sample deformation. In the pair approximation, the distribution function q0 reads: 
𝑞0 = {
0,  chains intersect 
1,  chains don't intersect 
 
In the linear approximation with respect to the small deformations , the term δq can be determined 
from the following equation [26]: 
𝛿𝑞 = −div(𝑞0u) = −𝑞0divu− (u ⋅ 𝛻)𝑞0. (12) 
Here u is the mean vector of the medium displacement. For the incompressible media the equality 
divu = 0 is held, thus eq. (12) can be rewritten as: 
𝛿𝑞 = −(u ⋅ 𝛻)𝑞0. (13) 
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Deformation of the sample leads to the change δq of the pair distribution function q. In its turn that 































































∫ ?̃?𝑛𝑚(r̃)(ũ ⋅ 𝛻)𝑞0𝑑r̃]. 
(15) 
Here d and 𝑣𝑝 are diameter and volume of the particle respectively. 
For maximal simplification of calculation of the integral (15), let us model the n-particle chain by the 
spherocylinder whose diameter and length of the cylindrical part equal to the particle diameter d and d(n−1) 
respectively. The spherocylinders, consisting of n- and m-particles, are illustrated in Fig. 3 by the dashed 
lines. In this case the gradient 𝛻𝑞0 is proportional to δ(r−rs), where δ(x) is the delta-function, and rs is the 
radius-vector, corresponding to the boundary of the region of the spherocylinders intersection. One can show 
easily that, the surface, corresponding to rs, presents a spherocylinder whose diameter and length of the 
cylindrical part equal to the particle diameter 2d and d(n+m−2) respectively. 
Neglecting the effect of the interchain interaction on magnetic moments of the particles in the chains, 





?̃?2 − 2(𝑗 − 𝑖 + ?̃?)2














Here i and j are the numbers of particles in chains I and II in Fig. 3; z and ρ are cylindrical 
coordinates of the center of the left particle (particle with the number 1) of the chain II. 
Let us present the dimensionless change (15) of the magnetic energy density w, defined in (11), as: 




















 corresponds to integration in eq. (15) over the cylindrical part of the spherocylinder 
excluded for the second chain (the surface of the excluded spherocylinder with diameter 2d and length of the 
cylindrical part equal to d(n+m−2)); 𝐽𝑛𝑚
(2)
 – to the integration over the semispheres of this spherocylinder. 
Parameter 𝛽 is defined in eq. (6). 
For the small uniaxial stretching, corresponding to eq. (1), in a Cartesian coordinate system with the 
origin in the center of the left particle of the chain I in Fig. 3, the components of the vector u are: 
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𝑢𝑧 = 𝑧, 𝑢𝑥 = −
𝑥
2




The axis Oz, like in Fig. 3, is aligned along the internal field H. In the cylindrical coordinate system, 
shown in Fig.3, the non-zero components of this vector are: 




Combining Eqs. (15) and (17), we can write down the integral 𝐽𝑛𝑚
(1)







?̃?2 − 2(𝑗 − 𝑖 + ?̃?)2











Here we take into account that the integral (19) must be calculated over the cylindrical part of the 







1−𝑚 + 𝑗 − 𝑖




𝑛 − 1 + 𝑗 − 𝑖























𝑛 − 1 − 𝑖




𝑖 + 𝑛 − 1





In order to calculate 𝐽𝑛𝑚
(2)
, for convenience, we will use the spherical coordinate system, shown in 
Fig. 4 with the radius r and polar angle θ. 
 
Figure 4. Illustration of the spherical coordinate system. 
 














sin2𝜃 − 2(𝑖 + 𝑗 − 2 + cos𝜃)2












Taking into account that the spherocylinder has two semispheres, after simple, but cumbersome 
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In order to determine the coefficient ?̃? in (10), we have to calculate the integral ∫ ?̃?′𝑑?̃?
?̃?
0
. It can be 
expressed via change of the dimensionless magnetic free energy as follows: 
𝛿?̃? = −𝛽∫ 𝛿?̃?𝑑ℎ̃
?̃?
0




One needs to note that δw is the change of the sample magnetic free energy only due to the change of 
the chains mutual disposition as a consequence of the sample deformation. The effect of variation of the 
sample demagnetizing factor N is not taken into account here. 
Now we are in position to get the explicit form for the derivative of magnetization ?̃? over elongation 





















Differentiating left and right parts of (25) over magnetic field inside of the sample ?̃?, we obtain the 
following relation for ?̃?′: 


























1 + 𝜒𝑝?̃? − 𝜒𝑝𝑓𝑛
√𝐺𝑛2 − 4𝜒𝑝2?̃?𝑓𝑛 )
 . 
(26) 
Combining (10), (15) and (24), we get: 



















Substituting (27) into (9), we estimate the change of the magnetic free energy due to the sample 
deformation. 







Here ?̃?𝑐 is the dimensionless Young’s modulus of the composite with the spherical hard particles. 
For the dilute composites with the spherical particles, where their elastic interaction due to 
perturbations of the matrix can be ignored, the modules can be calculated mathematically strictly. For the 
concentrated systems, where these interactions are significant, the mathematically strict methods have not 
been developed yet. That is why various empirical and semi-empirical relations are used for the mechanical 
modulus of the composite materials (see discussion in [28]). 





quite well describes experiments with elastic composites. It should be noted that appearance of the chains 
can lead to significant increase of the elastic modulus of magnetic gels [30,31]. Unfortunately, to the best of 
our knowledge, analytical expressions, describing this effect, have not been obtained in literature. That is 
why we will use here estimate (29) for the Young’s modulus of the composite. 
 
3. Results and discussion. 
Substituting Eqs. (9), (28) into (2), we come to the following relation for the total density of the 
sample free energy at the small deformation ε: 





The equilibrium deformation ε of the incompressible sample corresponds to the minimum of its free 





Our results of calculations of the sample deformation and comparison of the theoretical data with 
experiments [16] are shown in Fig. 5. 
13 
  
Figure 5. Relative strain ε of a ferrogel vs. applied magnetic field H0. Lines – theory, dots – experiment [16]. Line 1 – magnetic 
field is increased; line 2 – magnetic field is decreased. System parameters: volume concentration of the particles φ = 0.30; elastic 
modulus of the matrix E = 140 kPa; initial susceptibility of the particles material χp = 100; saturated magnetization of the particle 
material Ms = 1650 kA/m; the aspect ratio of the non deformed sample r = 0.33 (left figure) and r = 1.03 (right figure). 
 
    In the order of magnitude the theoretical results are in agreement with the experimental ones. However, 
the experimentally detected deformation     much stronger depends on the sample aspect ratio r than the 
theory predicts. It should be noted that  the sample shape (the aspect ratio r ) effects on the magnetostriction, 
first of all, through the magnetic field H inside the sample; this field is determined by the demagnetizing 
shape-factor N . The sample deformation changes its free energy density F ; the corresponding term A in 
(9,10,27) contains the multiplier 𝑟
𝑑𝑁
𝑑𝑟
. At the large field H0, when the magnetization M is saturated, only the 
term   𝑟
𝑑𝑁
𝑑𝑟
   determines dependence of the deformation   on the aspect ratio.   In the range of r, 
corresponding to Fig.5 (0.33<r<1.03), the multiplication 𝑟
𝑑𝑁
𝑑𝑟
 weakly depends on r. That is why the 
theoretical results in the left and right parts of Fig.5 are very close. The theoretical  dependence of the 
deformation  on the aspect ratio r through the multiplication 𝑟
𝑑𝑁
𝑑𝑟
 follows from the general thermodynamic 
considerations, similar to those  in [21] at the  calculation of striction of a linearly  polarized ellipsoid under 
the action of external field. 
We think that the problem of this disagreement between the results of the thermodynamic analysis 
and measurements of [16] requires the further experimental and theoretical study.  
For small and high magnetic fields the theoretical hysteretic loops are very narrow and the difference 
between the curves, corresponding to the increase and decrease of the field, is practically invisible in Fig. 5. 
The reason of the small alternation, of course, is in the used simplifications (the initial cubic disposition of 
the particles; the hierarchic model of the linear chains formation; their perfectly straight shape). 
Unfortunately, refusal to these simplifications leads to very cumbersome calculations and non transparent 
form of the final results. That is why here we restricted ourselves by consideration and analysis only those 
physical factors which are principally important for theoretical description of the hysteretic phenomena. 
Note also that the volume concentration of the particles in the samples, used in the experiments [16], 
was about thirty per cent. In the systems with the concentrations as high as that, the separate linear chains 
14 
hardly can appear - one can expect unification of the particles into topologically complicated anisotropic 
structures. Nevertheless, the present model, in spite of its simplicity, reproduces the main physical features 
of the experimental results – the hysteretic behavior of the elongation ε as a function of the applied field H0, 
as well as the tendency of the elongation to saturation while the field increasing. In the order of magnitude 
our results are in agreement with the experimental ones; no fit parameters have been used in our 
calculations. Therefore, the present model can be considered as a robust basement for modeling of the 
magnetomechanic effects in the soft magnetic gels. 
 
4. Conclusion 
We present a theoretical model of the hysteretic dependence of a ferrogel magnetostriction on the 
applied magnetic field. This hysteresis is explained by the unification of the particles into linear chain-like 
aggregates when the field is increased and by the rupture of the chains when the field is decreased. The 
obtained theoretical results, without any fitting parameters, reproduce the hysteretic effect; in the order of 
magnitude they are in agreement with experiments [16]. The quantitative discrepancy between the 
theoretical and experimental results can be explained, first of all, by the fact that the model deals with the 
linear chains, as the simplest kind of anisotropic heterogeneous structures, which can appear in the systems 
of magnetizable particles under the field action. The separate chains, in the systems of magnetizable 
particles, are expected when their concentration is low or moderate, when the lateral aggregation of the 
chains can be neglected (see, for example, [32,33]). In contrast, the experiments [16] have been performed 
with the highly concentrated composites, where appearance of topologically complicated structures is quite 
probable. Nevertheless, the model describes experiments [16], at least, in the order of magnitude. This 
allows us to consider the model as a robust background for the further study of more concentrated systems. 
Unfortunately, we don’t know the experimental results, obtained with the lower, that in [16], 
concentrated composites, to compare them with our model. 
One needs to note that other mechanisms, besides considered here, can affect mechanical properties 
and behavior of the composite material, such as unbound the matrix macromolecules from the particles 
surface; reorganization of the polymer around the particles, etc. These factors require detailed experimental 
and theoretical studies and can be subjects of separate works. 
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